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Preface

LISP I 1s a programming system for the IBM 704 for comput-
ing with symbolic expressions. It has been used for symbolic
calculations in differential and integral calculus, electric
clrcult theory, mathematical logic, and artificial intelligence,

This manual contains a full description of the features of
LISP I as of March 1960. The system has a central core based
on a class of recursive functions of symbolic expressions which
should be studled first and if possible used before the more
peripheral features are tried. This core is described in Chap-
ters 2 and 3, and LISP programs can be written and run using
this core provided someone familiar with the operational as-
pects of the system 1,e. loaders, tapes etec. is available.
Later, the advanced features will be found useful although they
are less neat, and less carefully described.

‘This manual applies also to a version of LISP I being pre-
pared for the IBM T709.
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1. Introduction

The current basic LISP system uses about 12,000 of the
32,000 memory of the 704, It includes routines for reading and
for printing, and it contains many LISP functions either coded
in machiné language or given as S-expressions (see Chapter 2)
for the interpreter part of the system. A 1list of available
functions is included in the manual, and other functions may
be defined by the user. Chapters 2 and 3 of the manual should
glve the user enough information to enable him to use the basic
system.

Enlargements of the basic system are available for various
purposes. The compller version of the LISP system can be used
to complle S-expressions into machine code. Values of compilled
functions are computed about 60 times faster than the S-expres-
sions for the functions could be interpreted and evaluated.

- The LISP-compller system uses about half of the 32,000 memory.

For on-line operation using M.I.T's Flexowriter-704 system,
the basic LISP system can be augmented by a special package of
routines to control the input-output aspects of the Flexowriter.
The Flexowriter version of LISP I does not contain the compiler
option.

Descriptions of the various features of the LISP system are
glven 1in the manual together with an explanation of the procedure
to be followed in submitting, running, and debugging a program
written in the LISP language.
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2. Recursive Functions of Symbolic Expressionsi’2

The LISP I programming system is based on a class of func-
tions of symbolic expressions which we now proceed to describe.

2.1 PFunctions and Function Definitions

We shall need a number of mathematical ideas and notations
concerning functions in general. Most of the ideas are well
known but the notion of conditional expression 1s believed to
be new, and the use of conditional expressions permits functions
to be defined recursively in a new and convenient way.

a. Partlal Functions

A partial function is a function that is defined only on
part of its domain. Partial functions necessarily arise when
functions are defined by computations because for some values
of the arguments, the computation defining the value of the
function may not terminate. However, some of our elementary
functions will be defined as partial functions.

This chapter 1s taken from the Quarterly Progress Report No. 53,
Research Laboratory of Electronics, M.I.T., April 15, 1959:
"Recursive Functions of Symbolic Expressions and Their Computa-
tion by Machine" by John McCarthy.

An article on the same subject by McCarthy is to appear in
the April 1960 issue of the Communications of the Assoclation
for Computing Machinery.




b, Propositional Expressions and Predicates

A propositional expression is an expression whose possible
values are T (for truth) and F (for falsity). We shall as-
sume that the reader is familliar with the propositional con-
nectives A ("and"), vV ("or"), and ~("not"). Typical pro-
positional expressions are

X<y

(x<y) A (b=c)

X 1s prime

A predicate 1s a function whose range consists of the truth
values T and F.

¢c. Conditional Expressions

The dependence of truth values on the values of quantities
of other kinds is expressed in mathematics by predicates, and
the dependence of truth values on other truth values by logical
connectives. However, the notations for expressing symbolical-
ly the dependence of quantities of other kinds on truth values
1ls 1nadequate, so that English words and phrases are generally
used for expressing these dependences in texts that describe
other dependences symbolically. For example, the function |x]
1s usually defined in words.

Conditional expressions are a device for expressing the de-
pendence of quantities on propositional quantlities. A condition-
al expression has the form

(pl""‘ ei,...,pn-*en)
where the p's are propositional expressions and the e's are ex-
pressions of any kind. It may be read, "If p, then e;, other-
wise if p, then e,,..., otherwise if p  then en," or "p1 yields
€4,+++,P, Yyields en." :



We now give the rules for determining whether the value.
of - (pg '€ ,n0 s ™ e,) is defined, and if so what its value
is. Examine the p's from left to right. If a p whose value
is T is encountered before any p whose value is undefined is
encountered, then the value of the conditional expression is
the value of the corresponding e (if this is defined). If any
undefined p is encountered before a true p, or if all p's are
false, or 1f the e corresponding to the first true p is un-
defined, then the value of the conditional expression is un-

defined. We now give examples.

(1c2= 4,122 =+3) = 4

(251 = 4 251 =»3 991 ~* 2) = 3
(2<4 =~ 4, T~ 3) = 3

(2¢1 =+ 21~ 3) =3

(Bed = 3. Q- 8—) is undefined
(2¢1 = 3,4<1 = 4) is undefined

Some of the simplest applications of conditional expres-
slons are in giving such definltions as

x| = (x<0 = -x,T = x)

by = (1= =~ 1,7 0)

sgn(x) = (x¢0 = -1,x=0=0,T — 1)

d. Recursive Function Definitions

By using conditional expressions we can, without circu-
larity, define functions by formulas in which the defined func-
tlon occurs. For example, we write

nt = (n=0 = 1,T = n*(n-1)1})

When we use this formula to evaluate 0! we get the answer 1;
because of the way in which the value of a conditional



expression was defined, the meaningless expression 0 (0-1)!
does not arise. The evaluation of 2! according to this defi-
nition proceeds as follows:

(2=0 = 1,T = 2°(2-1)!)

= 2-1!¢
2:(1=0=1,T = 1-(1-1)!)
2+1+0!

2+1+(0=0 = 41,7 = 0+ (0-1)!)
= 2*'1°1 :

=2

21

We now give two other applications of recursive function
definitions. The greatest common divisor, ggg(m,n), of two
positive integers m and n 1s computed by means of the
Euclidean algorithm. This algorithm 1s expressed by the re-
cursive functioh definition:

ged(m,n)=(m>n = ged(n,m),rem(n,m)=0 =* m,T =+ ged (rem(n,m),m))

where rem(n,m) denotes the remainder left when n is divided by m.
The Newtonian algorithm for obtaining an approximate square

root of a number a, starting with an initial approximation x

and requiring that an acceptable approximation y satisfy

ly®-al<€, may be written as

1
sart(a,x,e) = ([x°-alc€ = x,7— sqrt(a,g(ﬂ%),ﬂ)

The simultaneous recursive definition of several functlons
is also possible, and we shall use such definitions if they
are required.

There is no guarantee that the computation determined by a
recursive definition will ever terminate and, for example, an
attempt to compute n! from our definition will only succeed 1if
n is a non-negative integer. If the computation does not ter-
minate, the function must be regarded as undefined for the

given arguments.



The propositional connectives themselves can be defined by
conditional expressions. We write

pAq = (p = q,T —* F)

pvq = (p = T,T~ q)

g = [(p=t g, Do p)

p>q = (p = q,T—T)

It is readily seen that the right-hand sides of the equations
have the correct truth tables. If we consider situations in
which p or q may be undefined, the connectives A and V are seen
to be noncommutative. For example, if p is false and q is un-
defined, we see that according to the definitions given above
PAq 1s false, but qAp 1is undefined. For our applications this
noncommutativity is desirable, since pAq is computed by first
computing p, and if p is false q is not computed. If the com-
putation for p does not terminate, we never get around to com-

- puting g. We shall use propositional connectives in thils sense

hereafter.
e. Functions and Forms

It is usual in mathematics - outside of mathematical logic -
to use the word "function" imprecisely and to apply it to forms
such as ye+x. Because we shall later compute with expressions
for functions, we need a distinctlon between functions and forms
and a notation for expressing this distinction. This distinc-
tion and a notation for describing it, from which we deviate
trivially 1s given by Chur'ch.1

iA. Church, The Calcull of Lambda-Conversion (Princeton

University Press, Princeton, N.J., 1941).



































































































































































































































































































































































































































































